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N i c k e l  base  s i n g l e  c r y s t a l  s u p e r a l l o y s  a t t rac ted  c o n s i d e r a b l e  i n t e r e s t  
f o r  u s e  i n  g a s  t u r b i n e  j e t  e n g i n e  b e c a u s e  t h e i r  s u p e r i o r  h i g h  t e m p e r a t u r e  
p r o p e r t i e s .  I n  p o l y c r y s t a l l i n e  t u r b i n e  p a r t s ,  r u p t u r e  is  u s u a l l y  due t o  crack 
p r o p a g a t i o n  o r i g i n a t i n g  a t  t h e  g r a i n  boundar i e s .  S i n c e  s i n g l e  c r y s t a l  a l l o y s  
h a v e  n o  g r a i n  b o u n d a r i e s ,  u s e  o f  t h e  a l l o y  h a s  s i g n i f i c a n t  advan tages  f o r  
i n c r e a s e d  s t r e n g t h  and l o n g e r  l i f e .  
The p u r p o s e  of t h i s  paper  is  t o  r e p o r t  an a n i s o t r o p i c  c o n s t i t u t i v e  model 
d e v e l o p e d  b a s e d  o n  c r y s t a l l o g r a p h i c  a p p r o a c h  f o r  N i - b a s e  s i n g l e  c r y s t a l  
s u p e r a l l o y .  The  c u r r e n t  e q u a t i o n s  m o d i f i e d  a p r e v i o u s  model proposed by Dame 
and S t o u f f e r C I ]  where a Bodner-Partom e q u a t i o n  w i t h  o n l y  t h e  d r a g  s t ress  was 
u s e d  t o  model t h e  l o c a l  i n e l a s t i c  r e s p o n s e  i n  each s l i p  sys tem.  Their  model 
was c o n s i d e r e d  s u c c e s s f u l  f o r  p r e d i c t i n g  both t h e  o r i e n t a t i o n  d e p e n d e n c e  a n d  
t e n s i o n / c o m p r e s s i o n  a s y m m e t r y  f o r  t e n s i l e  a n d  c r e e p  h i s t o r i e s  f o r  s i n g l e  
c r y s t a l  a l l o y  Rene N 4  a t  1400 F. However, c e r t a i n  p r o p e r t i e s  i n c l u d i n g  f a t i g u e  
were n o t  s a t i s f a c t o r i l y  m o d e l e d .  I n  t h i s  work, a back stress s t a t e  v a r i a b l e  
has  been i n c o r p o r a t e d  i n t o  t h e  loca l  s l i p  f low e q u a t i o n  based on  t h e  o b s e r v e d  
e x p e r i m e n t a l  o b s e r v a t i o n s .  Model p r e d i c t a b i l i t y  i s  improved e s p e c i a l l y  f o r  
mechanica l  p r o p e r t i e s  s u c h  as  a n e l a s t i c i t y  a n d  f a t i g u e  l o o p s .  C o m p a r i s o n  of 
t h e  model p r e d i c t i o n s  and t h e  expe r imen ta l  data  f o r  s i n g l e  c r y s t a l  s u p e r a l l o y  
Rene N 4  a t  1800°F a re  p r e s e n t e d .  
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MODEL DEVELOPMENT 
The a p p l i c a t i o n  of t h e  c r y s t a l l o g r a p h i c  approach  t o  s i n g l e  c r y s t a l  n i c k e l  
base s u p e r a l l o y s  began w i t h  t h e  w o r k  of P a s l a y  e t  a l [ 2 1 ,  and l a t e l y  by ShahL31 
t o  t h e  Y' phase  o f  these a l l o y s .  The p r i n c i p a l  advan tage  of t h i s  a p p r o a c h  i s  
t h a t  a s i g n i f i c a n t  p o r t i o n  of t h e  model i s  b a s e d  o n  t h e  p h y s i c s  o f  t h e  
d e f o r m a t i o n  m e c h a n i s m s .  P r e s u m a b l y ,  t h i s  w i l l  e n h a n c e  t h e  p r e d i c t i v e  
c a p a b i l i t y  of t h e  model .  F u r t h e r m o r e ,  as a d d i t i o n a l  i n f o r m a t i o n  i s  o b t a i n e d  
a b o u t  d e f o r m a t i o n  m e c h a n i s m s  a t  d i f f e r e n t  l o a d i n g  c o n d i t i o n s ,  t h e  l o c a l  
c o n s t i t u t i v e  models can be mod i f i ed  t o  accommodate t h e  new knowledge. 
The model deve loped  by Dame and S t o u f f e r C l )  was based  o n  u n i f i e d  t h e o r y  
by s e p a r a t i n g  t h e  t o t a l  g l o b a l  s t r a i n ' i n t o  e l a s t i c  and i n e l a s t i c  components. 
The e l a s t i c  s t r a i n s  were c a l c u l a t e d  u s i n g  c u b i c  symmet ry .  The  i n e l a s t i c  
s t r a i n  r a t e  was c a l c u l a t e d ,  u s i n g  c r y s t a l l o g r a p h i c  approach ,  by summing t h e  
c o n t r i b u t i o n s  of e a c h  s l i p  s y s t e a .  T h e  i n e l a s t i c  s l i p  r a t e  o n  each s l i p  
s y s t e m  was computed from a lcca l  i n e l a s t i c  c o n s t i t u t i v e  e q u a t i o n  t h a t  depends 
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on local  resolved shear s t r e s s  components i n  each s l i p  d i r e c t i o n  and l o c a l  
s t a t e  variables. Due t o  different  mechanical responses exhibited by octahedral 
and cube s l i p  systems[4,5], two separate flow equations were used t o  compute 
the ine l a s t i c  s t r a i n  r a t e  on each of the two s l i p  systems. A non-Schmid's law 
formulat ion was used t o  model t h e  t e n s i o n  compress ion  asymmetry and 
o r i e n t a t i o n  dependence i n  t he  oc tahedra l  s l i p  system. T h i s  was achieved by 
incorporating the llcore w i d t h  effect"  proposed by La l l ,  C h i n  and Pope[6] where 
s t r e s s -  a i  ded Shoc k l  y pa r t i a l s  and thermal1 y-ai ded cross-sl i p mechani sms were 
used t o  explain the tension/compression asymmetry. A Schmid's law concept was 
u s e d  t o  model  t h e  i n e l a s t i c  r e s p o n s e  i n  t h e  c u b e  sys t em s i n c e  
tension/compression asymmetry was i n s i g n i f i c a n t .  I n  both s l i p  systems, a 
Bodner-Partom type of flow equation was used t o  model the response a t  higher 
s t r a i n  r a t e s ( i . e .  t e n s i l e  response) .  A t  lower s t r a i n  r a t e s ( i  . e .  c r e e p  
r e sponse ) ,  where d i f f u s i o n  i s  t h e  cont ro l l ing  mechanism, a diffusion model 
similar t o  the Bodner-Partom equation was used. T h i s  c o n s t i t u t i v e  model f o r  
l o c a l  s l i p  was a l s o  based on a system of s t a t e  variables t o  model t h e  drag 
s t r e s s .  Back s t r e s s  was not included, since t h i s  is  typical ly  associated w i t h  
d i s l o c a t i o n  pile-ups a t  obs tac les  l i k e  grain boundaries which a re  absent i n  
s ing le  c rys ta l s .  T h i s  model was considered successful for  predicting both t h e  
orientation dependence and tension/compression asymmetry for  t ens i l e  and creep 
h is tor ies  for  s ing le  crystal  a l loy Rene N 4  a t  1400'F; however, p r o p e r t i e s  
including fat igue and ane las t ic  recovery were not s a t i s f ac to r i ly  modeled. 
The motivation t o  incorporate a back s t r e s s  s t a t e  variable i n  the current 
model was due t o  t h e  f a c t  t h a t  back s t r e s s / d r a g  s t r e s s  representation has 
seve ra l  advantages over a drag s t r e s s  model i n c l u d i n g  t h e  a b i l i t y  t o  
accu ra t e ly  predict fa t igue loops for  polycrystalline materials[7,81. However, 
use of these s t a t e  variables has i ts  physical background. Drag s t r e s s  and back 
s t r e s s  s t a t e  v a r i a b l e  models a r e  used t o  r e f l e c t  t h e  evolu t ion  of t he  
microstructure d u r i n g  deformation. Drag s t r e s s  i s  used t o  approximate t h e  
r e s i s t a n c e  t o  i n e l a s t i c  flow, i .e dislocation motions, due t o  obstacles such 
a s  p r e c i p i t a t e s .  G e n e r a l l y ,  d i s l o c a t i o n s  p a s s  th rough  o r  a round t h e  
precipitates by shearing or looping mechanism. Thus the loca l  obstacles impede 
the dislocation motion. Whereas, back s t r e s s  is usually used t o  cha rac t e r i ze  
t h e  inc rease  i n  r e s i s t a n c e  due t o  d i s l o c a t i o n  pile-ups aga ins t  permanent 
bar r ie rs  such a s  g ra in  boundary, which c r e a t e  a r e p e l s i v e  s t r e s s  between 
ad jacent  d i s l o c a t i o n s .  I t  was assumed by Dame and Stouffer tha t  back s t r e s s  
should not be present  i n  s i n g l e  c r y s t a l  a l l o y s  due t o  l a c k  of g r a i n  
boundaries. Thus only the drag s t r e s s  was included i n  t h e i r  model. However, i t  
i s  too  r e s t r i c t i v e  t o  assume t h a t  back s t r e s s  can o n l y  be c r e a t e d  b y  
d i s l o c a t i o n  pile-up mechanism. For example, Milligan and Antolovich[g] showed 
i n  t h e i r  s t u d y  of deformation behavior of s ing le  crystal  supera l loy  PWA 1480 
t h a t  when d i s l o c a t i o n s  emerged from p r e c i p i t a t e s  those  por t ions  of t he  
dislocations w i t h i n  the prec ip i ta te  a r e  c o n s t r i c t e d  due t o  high ant i -phase 
boundary energy(APBE1, w h i l e  those portions of t h e  same dislocations which had 
exited the precipi ta tes  a re  s p l i t  due t o  e l a s t i c  repulsion. Therefore, i t  i s  
l i k e l y  t h a t  e l a s t i c  r epu l s ion ,  i . e .  back s t r e s s ,  should be included i n  the 
force equilibrium equation. More generally, i t  is  suspected t h a t  d i s l o c a t i o n  
i n t e r a c t i o n  and/or rearrangement w i l l  a lso r e su l t  i n  creation of back s t r e s s  
i n  t h e  s ing le  crystalsClO], except the e f fec t  may be insignif icant  compared t o  
290 
the pile-up mechanism. Thus ,  i t  was decided t o  evaluate the macroscopic e f f e c t  
of the back s t r e s s  i n  the mechanical t e s t .  
I n  order t o  be t te r  understand how back s t r e s s  a f fec t  the i n e l a s t i c  s t r a i n  
r a t e ,  the f o l l o w i n g  mathematics a r e  r e q u i r e d .  A t y p i c a l  d rag  s t r e s s / b a c k  
s t r e s s  modelC5,61 for  polycrystal l ine metals has the functional form as 
where Z is the drag s t r e s s  and Q i j  the back s t r e s s .  Based on t h i s  formulation, 
i n e l a s t i c  flow can be present even when the applied s t r e s s ,  u is z e r o ,  i . e .  
a s  l o n g  a s  t h e  back s t r e s s  i s  non-zero and i s  l a r g e  enough t o  produce 
meaningful s t r a i n  r a t e s .  T h i s  is normally seen i n  the re laxat ion t e s t  a t  zero  
s t r e s s .  Therefore two special  s i n g l e  c r y s t a l  t e s t s  were designed and performed 
i n  the beginning of t h i s  research. The r e s u l t s  of t h e s e  t e s t s  a r e  shown i n  
F i g u r e  1 and F i g u r e  2 .  The p r e d i c t e d  r e s u l t s  i n  t h e s e  f i g u r e s  w i l l  be 
discussed i n  a l a t e r  sect ion.  Figure l a  and I b  shows double t e n s i l e  t e s t s  on 
specimens i n  [ I001  and [ 1 1 1 ]  o r ien ta t ion ,  respect ively,  w i t h  a 120 second hold 
time. I n  both t e s t s ,  samples were f irst  loaded t o  1.5% s t r a i n  a t  s t r a i n  r a t e  
of 1x10 / s e c ,  unloaded immediatedly t o  zero s t r e s s  w i t h i n  10 seconds, and 
following the 120 seconds hold period and then reloaded a t  higher s t r a i n  r a t e  
of 6 ~ 1 0 - ~ / s e c .  S i g n i f i c a n t  a n e l a s t i c  recovery has occurred d u r i n g  the hold 
period f o r  the [ l o o ]  sample, whereas t h e  recovery  i s  minimum f o r  t h e  [ I l l ]  
specimen. These r e s u l t s  c l e a r l y  demonstrate t h a t  the recovery mechanism is 
o r i e n t a t i o n  dependent .  Second, wi thout  t h e  presence of back s t r e s s  term 
s i m i l a r  t o  equation ( l ) ,  a s i n g l e  drag s t r e s s  formulation cannot predict  t h i s  
a n e l a s t i c  behavior. T h u s ,  modification of Dame and S t o u f f e r ' s  model t o  include 
a back s t r e s s  variable is necessary. 
i j  
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EXPERIMENTAL PROGRAM 
A l l  t h e  mechanical t e s t s  were performed on a MTS mechanical t e s t  u n i t  
w i t h  a 20,000 k i p  load frame. The t e s t s  were r u n  under t o t a l  s t r a i n  control a t  
1800OF. The con t ro l  of t h e  MTS u n i t  and  da t a  c o l l e c t i o n  were done by compute r ,  
w i t h  s o f t w a r e  genera ted  a t  t h e  U n i v e r s i t y  of C i n c i n n a t i .  To d a t e ,  f i v e  
d i f f e r e n t  t y p e s  of t e s t s  have been performed and f i v e  nominal c r y s t a l  
o r ien ta t ions  were used. The f i v e  t e s t s  were: 1 )monotonic t e n s i l e ;  2 )double  
t e n s i l e  w i t h  wai t  period a t  zero s t r e s s ;  3 ) f u l l y  reversed fa t igue ;  4)fat igue 
w i t h  a t e n s i l e  hold time i n  each cycle; and 5) fa t igue  w i t h  a compressive hold 
time i n  each cycle. The f i v e  or ien ta t ions  were: [1231, [Oil], [012], [ O O l ]  and 
c 1 1 1 3 .  
RESULTS 
Shown i n  Figure 3 a r e  comparisons of experimental  d a t a  and p r e d i c t e d  
r e s p o n s e s  of t e n s i l e  t e s t s  ran a t  1 x 1  O- '( in/in)/sec for  d i f fe ren t  specimen 
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o r i e n t a t i o n s .  The r e s p o n s e s  i n  [ l o 0 1  a n d  C1111 were u s e d  t .o  d e t e r m i n e  
m a t e r i a l  c o n s t a n t s  a n d  t h e  r e s p o n s e  i n  c1101 o r i e n t a t i o n  was the  p r e d i c t e d  
r e s u l t .  The model p r e d i c t e d  well  i n  e l a s t i c  m o d u l i ,  h a r d i n g  c h a r a c t e r i s t i c s  
( t h e  k n e e  p a r t  1 a n d  t h e  s a t u r a t e d  v a l u e s  f o r  these o r i e n t a t i o n s .  P r e d i c t i o n s  
of double  t e n s i l e  t e s t s  w i t h  ho ld  t ime i n  [ l o 0 1  a n d  [ill] o r i e n t a t i o n s  a r e  
shown i n  F i g u r e  1 a n d  2,  r e s p e c t i v e l y .  The model p r e d i c t e d  v e r y  wel l  i n  both 
cases not  o n l y  f o r  the  r e c o v e r y  p a r t  bu t  a l s o  the  ha rden ing  charac te r i s t ics  of 
t h e  subsequent  l o a d i n g  and r a t e  s e n s i t i v i t y  e f f ec t  . 
Experimental  results showed t h a t  f a t i g u e  tes ts  i n  [ l o o ] ,  [ 1 1 1  J a n d  [ l 2 3 ]  
o r i e n t a t i o n s  a t  1 8 0 0 ° F  s t a b l i z e d  w i t h i n  5 l o o p s  and  e x h i b i t e d  n o  w o r k  
ha rden ing  o r  s o f t e n i n g  throughout  t h e  l i v e s ,  t h e r e f o r e  d r a g  s t r e s s  r e m a i n e d  
c o n s t a n t  a n d  t h e  e v o l u t i o n  e q u a t i o n  was n o t  used .  The o n l y  i n f o r m a t i o n  used  
from the  expe r imen ta l  da ta  i n  d e t e r m i n i n g  c o n s t a n t s  was t h e  r a t i o  of y i e l d  
stress i n  t e n s i o n  and i n  compression.  The p r e d i c t i o n s  of the  loops  are  p u r e l y  
based on c o n s t a n t s  de te rmined  from the  t e n s i l e  t e s t s .  These p r e d i c t i o n s  a r e  
shown i n  F i g u r e  4 and F i g u r e  5 for  [ l o o ]  and [ 1 1 1 ]  o r i e n t a t i o n s ,  r e s p e c t i v e l y .  
I n  F i g u r e  4 ,  t h e  model p r e d i c t e d  v e r y  well i n  t e n s i o n / c o m p r e s s i o n  a s y m m e t r y ,  
h a r d e n i n g  c h a r a c t e r i s t i c  and r a t e  effect  f o r  t h e  [ l o o ]  o r i e n t a t i o n .  However, 
t e n s i o n / c o m p r e s s i o n  a s y m m e t r y  d i s a p p e a r e d  i n  F i g u r e  5 f o r  t h e  [ l  1 1  I 
o r i e n t a t i o n ,  which t h e  model a l s o  p r e d i c t e d  wel l .  
CONCLUSION 
An b a c k  s t ress /  d r  a g stress cons ti t u t  i ve model based on c r y s t a l  l o g r a p h i  c 
a p p r o a c h  t o  model s i n g l e  c r y s t a l  a n i s o t r o p y  i s  p r e s e n t e d  i n  t h i s  p a p e r .  
Exper imenta l  r e s u l t s  has demonst ra ted  the  need f o r  back stress v a r i a b l e  i n  t h e  
i n e l a s t i c  f l o w  e q u a t i o n s .  E x p e r i m e n t a l  f i n d i n g s  a l s o  s u g g e s t e d  t h a t  back 
stress is  o r i e n t a t i o n  dependent  and c o n t r o l l i n g  both the  s t r a i n  ha rden ing  and 
r e c o v e r y  cha rac t e r i s t i c s .  Due t o  t h e  observed  s t a b l e  f a t i g u e  loops a t  1800°F ,  
d r a g  s t ress  i s  c o n s i d e r e d  c o n s t a n t  f o r  t h i s  t e m p e r a t u r e .  The c o n s t i t u t i v e  
model o p e r a t e d  w i t h  c o n s t a n t s  d e t e r m i n e d  o n l y  f rom t e n s i l e  d a t a  was 
e x t e n s i v e l y  t e s t e d  from s i m p l e  t e n s i l e ,  f a t i g u e  t o  complicated stress and 
s t r a i n  hold  tes ts .  The model p r e d i c t  very  wel l  i n  t h o s e  c o n d i t i o n s .  F u t u r e  
works  o n  t e s t  a t  o t h e r  t e m p e r a t u r e s  w i l l  be conducted .  I t  is expec ted  some 
s t r a i n  ha rden ing  o r  s o f t e n i n g  of the  s i n g l e  c r y s t a l s  i n  c y c l i c  t e s t s  s h o u l d  
o c c u r .  
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F i g u r e  1. P r e d i c t e d  R e s p o n s e  a n d  E x p e r i m e n t a l  Data for a M u l t i p l e  
Tensi le  T e s t  i n  (100) O r i e n t a t i o n  w i t h  1 2 0  seconds Hold 
Per iod. N o t i c e  s i q n i f i c a n t  r e c o v e r y  ( a n e l a s t i c i t y )  du r i r lg  
flold P e r i o d .  ( F E N E '  N 4  a t  1800 F) 
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Figure 2.Predicted Response and Experimental Data for a Multiple 
Tensile Test in (111) 0rientati.m w i t h  12Oseconds Hold 
Period. Notice no recovery(ane1asticity) during Hold Time. 
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F i g u r e  3 .  P r e d i c t e d  T e n s i l e  Responses  and Experimerltal Data for 
S p e c i m e n s  i n  ( l o o ) ,  
1 8 O O O F  - 
(110) and  (111) O r i e n t a t i o n ,  RENE' N4, 
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PREDICTION OF CYCLIC RESPONSE AT 1800F 
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AXIAL : (100) 
AXIAL STRAIN (in/in) 
10 
F i g u r e  4.  P r e d i c t e d  Response  a n d  Exper i r i i en ta l  Da ta  f o r  Cyclic 
T e s t  i n  (100) O r i e n t a t i o n ,  RENE' N 4 ,  1800°F. 
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PREDICTION OF CYCLIC RESPONSE AT 1800F 
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Figure 5. Predicted Response and Experimental Data €or Cyclic 
Test in (111) Orientation, RENE' N4, 1800°F. 
298 
